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Abstract 

On a complete noncompact Kahler manifold we prove that the 
bottom of the spectrum for the Laplacian is bounded from above by 
m 2 if the Ricci curvature is bounded from below by —Km + 1). Then 
we show that if this upper bound is achieved then the manifold has at 
most two ends. These results improve previous results on this subject 
proved by P. Li and J. Wang in |L-W3] and [L-Wj under assumptions 
on the bisectional curvature. 



1 Introduction 

i 

Let N n be a complete noncompact Riemannian manifold of dimension n 
and assume that the Ricci curvature has the lower bound Ric > —(n— 1). 
As a consequence of Cheng's theorem f[C]) we know that if Ai (N) denotes 

the bottom of the spectrum of the Laplacian on iV then Ai (N) < } . 
This is a sharp upper bound for Ai (N), the hyperbolic space form HP is an 
example where equality is achieved. Recall that the proof of Cheng's theorem 
is relying on the Laplacian comparison theorem for Riemannian manifolds, 
that is to say on an upper bound of the Laplacian of the distance function on 
N. An interesting question is to study all manifolds satisfying the equality 
case in Cheng's theorem, i.e. those manifolds for which Ric > — (n — 1) and 
\ x (AT) = In |L-W2] P. Li and J. Wang proved that if equality holds 

in Cheng's upper bound and n > 3 then either the manifold has one end or 
the manifold has two ends in which case N must either be 
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(1) a warped product iV = lx P with P compact and metric given by 
ds 2 N = dt 2 + exp (2t) ds 2 P , or 

(2) if n — 3 a warped product iV = K. x P with P compact and metric 
given by ds 2 N = dt 2 + cosh 2 (t) ds 2 P . 

In |L-W3] P. Li and J. Wang have proved that Cheng's theorem has an 
analogue in the Kahler setting. Throughout this paper M m is a complete 
noncompact Kahler manifold of complex dimension m. 

If ds 2 = h a -fjdz a d~z" denotes the Kahler metric on M, then Re (ds 2 ) defines 
a Riemannian metric on M. Suppose {ei, e 2 , e 2m } with e 2 k = Jzik-\ for 
any k G {1, ...,m} is an orthonormal frame with respect to this Riemannian 
metric, then {vi, ...,v m } is a unitary frame of T^'°M, where 

1 . , — , 
Vk = -j[d2k-i - v -le 2 fc)- 

Recall that the bisectional curvature BKm of M is defined by 
and we say that > -1 on M if for any a and (3 

Note that for the space form ClH m we have BKc^m = — 1. 

Theorem 1 (P. Li and J. Wang) If M m is a complete noncompact Kahler 
manifold of complex dimension m with BKm > — 1 then 

Ai (M) < m 2 = Ai (CH m ) . 

Li- Wang proved this theorem in the spirit of Cheng's proof, they first 
obtained a Laplacian comparison theorem for manifolds with BKm > — 1 
(Theorem 1.6 in [L- W3] ) and then the sharp estimate for Ai (M) follows. We 
would like to point out that the bisectional curvature assumption is essential 
in their proof of the Laplacian comparison theorem. 

An interesting question that one can ask is if the sharp estimate for 
Ai (M) from Theorem 1 remains true under a Ricci curvature bound from 
below. This question is motivated in part by the following situation in the 
compact Kahler case, where we have a version of Lichnerowicz's theorem. 
Namely, if for a compact Kahler manifold N m the Ricci curvature has the 
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lower bound Ric^ > 2(m + 1), then the first eigenvalue of the Laplacian 
has a sharp lower bound, Ai (N) > 4(m + 1). We are grateful to Lei Ni for 
pointing out this result to us, for a simple proof of it see [U]. 

In this paper, our first goal is to show that indeed there is a sharp estimate 
for Ai (M) under only Ricci curvature lower bound. Our proof is based on 
the variational principle for Ai (M) and integration by parts. In fact, our 
argument can be localized on each end of the manifold. 

Theorem 2 Let M m be a complete noncompact Kdhler manifold of complex 
dimension m such that the Ricci curvature is bounded from below by 

Ric > -2 (m + 1) . 

Then if E is an end of M and \\ (E) is the infimum of the Dirichlet spectrum 
of the Laplacian on E then 

A x (E) < m 2 . 
In particular, we have the sharp estimate 

Xt (M) < m 2 . 

Note that the condition on the Ricci curvature in Theorem 2 means 

Ric(ek, Cj) > — 2 (m + 1) Skj 
for any k, j G {1, .., 2m}, which is equivalent to 

Ric a p > - (m + 1) 5 a p, 

for the unitary frame {vi, v 2 , v m } . 

The same as in the Riemannian setting, it is interesting to study the 
Kahler manifolds for which equality is achieved in Theorem 2. Let us recall 
that for bisectional curvature lower bound Li- Wang have proved in [L-W] 
that such manifolds need to have at most two ends. 

Theorem 3 (P. Li and J. Wang) If M m is a complete noncompact Kahler 
manifold with Ai (M) = m 2 and BKm > —1 then M has at most two ends. 

Their proof relies on a study of the Buseman function (3 on M, so the 
Laplacian comparison theorem plays again an important role. An intersting 
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fact about their proof is that it gives an unified approach of the question in 
the Riemannian and Kahlerian case. 

We now want to make some comments on the case when M has exactly 
two ends. In this case, the proof of Li- Wang provides some structure infor- 
mation of the manifold. Namely, not only that for any t the level set (3 = t 
is diffeomorphic to the level set (3 = to for some to fixed, but also the metric 
on P = t is determined by the metric on P = £ - 

Our second goal in this paper is to obtain the same conclusion on the 
number of ends if equality is achieved in Theorem 2. This will be done by a 
careful study of the estimates in Theorem 2. 

If M is assumed to have exactly two ends, using our approach we will be 
able to deduce the same structure information of the manifold as discussed 
above, for the level sets of a function defined by the Li- Tarn theory. 

Remark. After this paper was written the author was informed by Peter 
Li that the analysis of the two ends case can be deepened and in fact if M 
has bounded curvature, then it is iso metrically covered by CHT m . Examples 
are also known, with both bounded and unbounded curvature, see |L- Wj . 
We expect this result can be recovered with our way, and in fact this will 
become apparent towards the end of the proof of Theorem 4. 

Theorem 4 Let M m be a complete noncompact Kdhler manifold of complex 
dimension m such that the Ricci curvature is bounded from below by 

Ric > -2 (m + 1) . 

// Ai (M) = m 2 then M has at most two ends. 

Aknowledgement. The author would like to express his deep grati- 
tude to his advisor, Professor Peter Li, for constant help, support and many 
valuable discussions. 

2 The proofs 

To prove Theorem 2 and Theorem 4 we first need the following preparation. 
Let E be a nonparabolic end of M. 

Withouth loss of generality we will henceforth assume that Ai (E) > 0. 
From the theory of Li- Tarn ( [L-Tj ) we know that there exists a harmonic 
function / on E that is obtained with the following procedure. Let fn be 
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the harmonic function with Dirichlet boundary conditions: = 1 on dE, 
f R = on dEp(R), where £ p (i2) = Ef)B p (R). 

Then admits a subsequence convergent to /, with the properties: < 
/ < 1 on E, f — 1 on dE and / has finite Dirichlet integral. Moreover, since 
Ai (E) > 0, we know by a theorem of Li- Wang that ( |L-Wlj ) 

/ f 2 < Cl ex V (-2^/M(E)R). 

J E P (R+1)\E P (R) V J 

Further on integration on the level sets of / will play a central role in 
our proofs, and for this let us recall the following important property of 
/ (p7W4]). Namely, for t,a,b<\ let 

l(t) = {x 6 E \ f(x) = t} 

and define the set 



L (a, b) = {x E E \ a < f (x) < b} . 
Then for almost all t < 1 




= const < oo 



and we have: 

/ \Vf\ 2 = (b-a)[ |V/|. 

JL(a,b) Jl(to) 

Let us denote 

L = L{Ue,2e), 

where 5, e > are sufficiently small fixed numbers to be chosen later. 

Since we will often integrate by parts on L, let us construct a cut-off 
with compact support in L. Define = ifttp with tjj depending on the distance 
function 

( 1 on E p (R - 1) 
^=< R-r on E P (R)\E P (R-1) 
{ on E\E P (R) 
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and <f denned on the level sets of / 



<P 



(log2)- 1 (log/-log(ife)) on L{\5e,5e) 

1 on L(5e,e) 

(log2)- 1 (log2e-log/) on L(e,2e) 

otherwise. 



For convenience, let us assume R—j^. We have the following result: 
Lemma 1 For any < a < 2 the following inequality holds: 

1 (L _ <Lz£_) ^_ f < _2_nt±l/ |v/| 

16^m a (2 - a) j (-log*) A / 3 V " 2 - a 4 / I(to) 1 

c 

(-log 5)2' 

where c is a constant not depending on 5 or e. 

Proof of Lemma 1. Note that the gradient and the Laplacian satisfy: 

V/ • Vg = 2 (f a ga + fsg a ) 
A/ = 4/ aa . 

Let it = log /, then a simple computation shows that 
Consider now 

which we estimate from above and from below to prove our claim. 
To begin with, 

j L f M V = I r 1 \fj <p 2 -zJ l rXL-,M^ 2 + yJ L r 3 1 v/i 

The first term is 

= J r 2 {h P fJp)4> 2 - J f^faf^ 2 - J f^Ma 
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and using the Ricci identities and Af = we see that / S/3 ^ = 0. It also shows 
that the last integral needs to be a real number. 
This proves that 

J L J L 

+ Te j[/"W* 2 -j[r7w«(*V a) 

Let us use again integration by parts to see that 
- J f^Lfaphfp)^ 2 = J fa (f~ 2 hf(3<p 2 )-p = 

= -2 / / vm,h; 2 + / r 2 k-pfj^ 2 

J L J L 

+ Jj- 2 J ah U {<!>%■ 

Similarly, one finds 

- J r 2 {L-pku)<? = -J r 2 (Mafp)<? = Ju {r 2 u- P 4> 2 )p 

= -2 f r 3 f a Mtsf^ 2 + f r^M^ 1 

J L J L 

+ f J- 2 UhU 

Combining the two identities we get 

- jj-'iLphUW = -lJj- 3 \VfU 2 + J L r 2 Re(f^U P ) 

+\ Jj- 2 \Vf\ 2 Re{f-,{<i> 2 ),). (2) 
Note that the following inequality holds on E: 

\f^fJp\<\\U\\Vf\ 2 (3) 

We want to insist on the proof of this inequality because it will matter 
when we study the manifolds with Ai (M) = m 2 . Since the two numbers in 
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([2D are independent of the unitary frame, let us choose a frame at the fixed 
point x G E such that 

ei = WT\ vf - 

Certainly, we need |V/| (x) 7^ which we assume without loss of generality 
because if |V/| (x) = there is nothing to prove. 
Then one can see that 

/l = |V/|, fe 2 = 0, ....f e2m = 

or, in the unitary frame 

/i = /i = ^|V/|, /« = / a = ifa>l. 
This proves the inequality because 

\f*efafp\ = i|V/| a |/n|<i|/^||V/| 2 . 

Moreover, we learn that equality holds in (j3J) if and only if 

f aP = for (a, (1,1), 

with respect to the frame chosen above. 
Since the following holds: 

^ {fofafp) < \fa(jfafp\ < \ \fafi\ |V/| 2 , 

we get for an arbitrary a > 

^ a j[/" 1 l/^lV + i ^ / r 8 |v/iV- (4) 

Moreover, again integrating by parts we have 



L 



r 1 i/./ 2 = J l r^apfepp = - y /« (f'f^p 

</l 



/9 
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/ a/3/3 S 



and on the other hand 

r'luU 2 = [ r'fapf^ 2 = - / u (r 1 ^ 2 ) 

JL JL 

= [ r 2 uuh<t> 2 - I r'hfa^ 2 - I r'Map (</> 2 ) 

jl jl jl 

so that combining the two identities we get 

f r 1 \f aP \ 2 <i> 2 = [ r 2 Reu^u?W- I rVJi 

JL JL JL 

- J r'Reiuu-p (0 2 ) /3 ; 

Note that the Ricci identities imply 

/a/3/3 — f(3a/3 = ff}f3a + -R^ c /3a//3 

and therefore we obtain 

Jj-'lUU 2 < Jj- 2 Re{f^U^ 2 + ^ jj- l \Vf\ 2 ^ 2 

f-'ReifJ^ (0 2 )p. 
Plug this inequality into (jl]) and it follows 

(2 - a) jf /- 2 i?e (/^/J*) 2 < jf J" 1 | V/| 



/3 



lT7-f|2 j.2 



+ iL / r3 1 v/|4 02 ■ a / f ~ lR < u ^ ( 02 )p- 

Let us fix henceforth < a < 2 to make sure that 2 — a > 0. Now we are 
getting back to (J2J) and obtain 

rU^ 2 < (4 + 16^)) //- 3 lwiV 
a m + 1 1 r 1 1 v/i 2 <p 2 -^-J l r l Re{u^ (0 2 ),) 

+ \Jj- 2 \^f\ 2 Re{h{<t> 2 ),). (5) 



2 - a 4 



We have thus proved that 

//^^ 2 ^B + iM^)/, r3|v/|402 

/ L r 1 |V/| 2 2 + ^ J L r 2 Wf\ 2 Re(f ^)p) 



2-a 4 



" ] l f-'Ma {<t>\ ~2^l f^MfaUp (6) 

To finish the upper estimate of j L f \u a p\ 2 4> 2 we need to estimate the terms 
involving (0 2 ) (3 . We will prove that they can be bounded from above by a 
constant •(— log^) 1 / 2 . 
Start with 

2^rw^(W),) < ^/ L r 2 iv/i 3 |v0 2 | 

< / r 2 iwi 3 iv^+ / r 2 |v/i 3 iwk 

J L J L 

Now it is easy to see that by the gradient estimate and co-area formula 

/r 2 iv/i 3 iv^i < C2 (/ r l \vf\ 2 +f r^v/i 2 ) 

</L JL{\Se,Se) J L(e,2e) 

< <*, 

while by the decay rate of f 2 we get 

jj- 2 |V/| 3 |W| < c 4 ^exp (-2 V ^CB) J R) < c 5 , 

using that R= j^. Clearly, the constants so far do not depend on the choice 
of 5 or e. 

To estimate the other terms one proceeds similarly. For example, 
-2 jj~ l Re{U^{<p 2 ) p ) < J f-^foWVfltm 



< (jTrMv/Hv^^jT/^i/^iv) 
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However, using an inequality proved above we get 

< / L r 2 ^(/^/ a /,)0 2 + ^^r i |v/i 2 2 

-Jj-'ReifJ^ (0 2 )p 

< \ j L r 2 \u\ i v/i 2 ^ + ^1 r 1 1 v/i 2 : 
+\J L r 1 \u\\vf\cf> i V01 

< g Jj-'iuf^ + l / L r 3 iwi 
r'lv/iv 



4 i.2 



m + 1 
+ 4 

+^/ L r 1 i/^i 2 2 + ^/ L r 1 iv/i 2 iv0i 2 , 

which shows there exists constants c 7 and c 8 such that: 

> 2 < c 7 [ /-^v/iv+cs / rMv/nv^i 2 

< c 9 (-log5). 

We have proved that 

^rM/^liwi0|v0i<c lo (-io g <^. 

Let us gather the information we have so far: 



J f 1 | Ja.fi 



fK 



I 2 A2 



~ 16 + 16a(2 
a m + 1 



+ 



2-a 4 

The estimate from below is straightforward: 



jfr'lv/iV + cC-ioga)*. 



I I 2 ^ i i 2 ^ 1 

I «Pi m 



E 



i/, Y 



16m 



r 4 iv/i 4 . 



ii 



Hence, this shows that 



2 J.2 



16\ m a(2 - a) J J L 2-a A J L 

+c(- log 5)5, 

which proves the Lemma. Q.E.D. 

In the following Lemma, we will estimate f L f~ 3 | V/| 4 4> 2 from bellow. 
To serve our purpose, we need this estimate to depend on Ai (E) and this 
is done using the variational principle. Recall that E is a nonparabolic end, 
Ai (E) > and we set L = L 2s) for 5, e sufficiently small. 



Lemma 2 



/ r 3 |V/| 4 2 >4A 1 (E) / |V/|- 
logd)J L J l(to) 



c 



Proof of Lemma 2. 

By the variational principle for Ai (E) , 



Ai (E) I f<j> 2 < 



log 5) : 



which means that 



4 JL(6e,e) 

based on estimates similar to what we did in Lemma 1. 
This implies that 



1 

fogT) 



f<P 2 < 



1 



4Ai (£■) 



|V/| 



Cll 



log 5) 
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Finally, using the Schwarz inequality we get 

/ ' v/ l = r-?-^ I / _1 l v /l 2 

Jltfo) ("log 5) J L{Se ,e) 

(- log 5) J L (- log 5) J Ln(E \E v (R-l)) 



Cl2 



[-log*) Se 



1 



^exp [~2^\ X {E)R 



2 



x \i\jE) /(„, |v/l + Ftogfl) 

which proves the Lemma. Q.E.D. 

Suppose now that M has a parabolic end F. A theorem of Nakai ([N], see 
also |N-R] ) states that there exists an exhaustion function / on F which is 
harmonic on F and / = on dF. In this case we consider for T, (3 > fixed 

(log2)- 1 (log/-log(iT)) on L(±T,T) 

1 on L (T, (3T) 

(log2)- 1 (log(2/?T)-log/) on L (f3T, 2/3T) 

otherwise, 

where the level sets are now defined on F. Since / is proper, there is no 
need for a cut-off depending on the distance function. Our point now is that 
Lemma 1 and Lemma 2 hold for this choice of (f> also, the proofs are identical. 
Note that if 

L = L(±T,2(3T) 
then the following inequalities hold on L: 

1 (I {l-af\ 1 f\Vf\\ 2 < a m + 1 t 

>l(to) 



16 \ m a (2 - a) / log f3 J z f 3 r ~ 2 - a 4 



c 

+ Qog/^' 
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and 

— R /r 3 |V/| 4 2 >4A 1 (F) / |V/|- r " 



lo g^A Jm (log/?)* 

Now we are ready to prove Theorem 2. 



Proof of Theorem 2. 

Let us first prove the Theorem for a nonpar abolic end E. 
We know from Lemma 1 and Lemma 2 that 

1/1 (1 - a) 2 \ f ,„ „ o m + 1 /■ ,„„ C 



inequality that holds for any 5 > and for any < a < 2. 
Therefore, making 5 — > we get that for any < a < 2, 



1 ; 

2 



M £)< a(m + 1) / 1 (1-a 



2 — a \ m a(2 — a) 
Let us choose a = -ttt, then 

m+l ' 

1 (1 — a) 2 lm + 1 a (m + l) m(m+l) 



m a(2 — a) mm + 2' 2 — a m + 2 ' 

which shows that 

Ai (E) < m 2 . 

This proves Theorem 2 for a nonparabolic end E. The proof for a parabolic 
end .F is verbatim. Q.E.D. 



Proof of Theorem 4: 

Suppose that M has more than one end. We know from [L-W] that if 
Ai (M) > 22±i the manifold has only one nonparabolic end. Hence let us 
set E this nonparabolic end and consequently F = M\E will be a parabolic 
end. Note that an end of M is defined with respect to a compact subset of 
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M, so that writing M = E U F with E nonparabolic and F parabolic we 
are not loosing generality, in fact M can have many ends with respect to 
other compact subsets. The construction of Li- Tarn implies that there exists 
a harmonic function / : M — > (0, oo) with the following properties: 

1. On E the function has the decay rate 

/ / 2 <c ie xp (-2y/X^M)R), 

J E P (R)\E P (R-1) V J 

2. On F the function is proper. 

3. We have: 

sup / (x) = oo, inf / (x) = 0. 

xeF X ^ E 

Let us point out some facts about the proofs of Lemma 1 and Lemma 
2. In the two lemmata, the function / was defined only on a single end, 
which was first assumed to be nonparabolic, and then we observed that the 
proofs still work on a parabolic end. In the framework of Theorem 4, we 
know that / is defined on the whole manifold, so now L = L(b ,bi) = 
{x E M | b < f (x) < bi} makes sense for any < b < b\. One can see 
that the computations proved in Lemma 1 are true for L and moreover we 
may replace everywhere (ft 1 with 3 . With this in mind, let us fix bo = 5e, 
b\ = (3T, where 0<fe<e<T< (3T and for convenience choose (5 — |. 
Hence, everywhere in this proof 

L = L (5e, (3T) , 

and a = - J2L r. 

m+l 

The proof of this theorem is based on a more detailed study of inequalities 
in Lemma 1 and Lemma 2. We want to prove that Ai (M) = m 2 forces all 
the inequalities to become equalities on L (e, T) . Since e, T are arbitrary, it 
will follow that we need to have equalities everywhere on M. 

Choose 4> = ipip, where 

E p (R — l)UF 
iP= 1 R- r on E p (R) \E P (R - 1) 




and 



E\E p (R) 



(-\ogS)-\\ogf-\og(Se)) on L(Se,e) 

on L (0, 8s) U (L (/3T, oo) D F) 
(log/3)->g(/3T)-log/) on L(T, (3T) fl F 

1 otherwise. 
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Recall that by §6§ and (j7j) we have 



16 m a(2 



-a) Jl 2- a 4 y £ 



+ i Z r ' ' V/ ' 2 ^ ^ " / rl/ * /a (03) ' 



2 - a 



L 



On the other hand, Schwarz inequality implies 

2 



jfr 1 iv/iv) < QT/^iv/iv 

and by the variational principle it follows 

x 1 (M)jj ( f> 3 < y|v(/M 



(8) 



(9) 



Our point now is that a careful study of the two V^>— terms shows that they 
converge to zero as /3 — > oo (and 5 = 4 — > 0). 

It is clear that | J L /<£ | V</>| 2 < while 



2 V/-V0 



lOgd) y L (fe, e ) log/3 J L{ T,/3T)nF 



The integral on F is readily found by the co-area formula: 

^ / /-iv/iv = < / iv/i, rv ( ^-^ )\ t 

log/? J L (T,(3T)nF Jl(t ) Jt V log/3 / 

|v/|. 

It is clear that the same formula holds on E if we integrate against (p 2 and 
therefore: 



log 5) 



1 



L(fe,e) 



log 5) J L(&ie) 
16 



V 2 |V/| 2 /- 1 = - / |V/| 

d .//(to) 



For later use, observe that a converse of the latter inequality also holds: 

|2 2 



log 5) J L{ 8e,e) (~log5) 7 L(fcie) 

-T-rn\f r x iv/iv 

(^-lOgOJ 7L(fe,e)n(B\B D (ii-l)) 



2 ,„2 



> .!/' iv/i- 12 



'/(to) I" 5)' 

In particular, from the above estimates it follows 



2 V/- V0 < 0. 



L 



We have thus proved that 



3 1 f f-1 IV7^|2 J.3 i C l 



Ai(M) / /<^<- / r 1 iv/iv + 



z, 47/ 1 Jl r log/3' 

which plugged into (JHJ) yields 



/~ d |V/|V > 4Ax(M) 



-1 IV7^I 2 ^3 

4Ai(M) / r^v/iv 



1 °g^/,/- 1 |v/| 2 3 + I ^ 

> 4Ax WjT/- 1 1 V/|V C4 



log/3 

Now let's return to (jSj) and use this lower bound, it follows that we have 

c 5 , 1 
log/3 

- J r x Ma ~2^,J L f~ lRe (f*u ( 10 ) 



< 



+ 1 -Jj- 2 \Vf\ 2 Re(f (<j ) z) f 



Claim: 

There exists a constant c > such that 
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^ — ajL ' (logpja 

Proof of the claim. 

Let us study each of the three terms in the left hand side. 
I. We have: 

\jj-*\Vf\ 2 ReU-,{<t?)p) = ^/ L 2 r 2 |V/| 2 V/-V0 

~ tt / r 3 iv/i 



16(-lof 
3 1 



/ r 3 |v/iV- 

J L(T,BT)nF 



16 log J L(T,/3T)nF 

As we stressed above, the estimates in Lemma 1 and Lemma 2 are true on 
any end. Certainly, (f> here is not the same on L (5e, e) with from Lemma 
1. Nevertheless, the computations are the same. In fact, in this case there 
is no need to consider a cut-off ip on L , because already is zero 

there. On L (e, 2e) the cut-off <p is the same as in Lemma 1. Therefore, one 
can use Lemma 1 for L (Se, e) and Lemma 2 for L(T, (3T) n F to estimate the 
above subtraction. 

By Lemma 1 we know that 

r-r-r, [ /~ s |v/lV < 4A 1 (M)— L— [ r^v/i 

(-log 5)2 



2 j.2 



1 ! 
2 



< 1ax(M) / |V/| + 

j yj(to) (-log 5) 

while Lemma 2 implies that 

i^fl/ f- 3 WfU 2 >Ui(M) [ IV/I-— ^-r. 

WgP JL(T,f3T)nF 6 Jl(t ) (log/?)2 
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Combining the two estimates, it results 

i/rWfle(/^%)<-^. 

4 Jl (log 6) 2 



4 

II. Start with 



3 



log/? 

From ([T]) and (j7]) we have: 



L(5e,e) 
JLIT,0T)nF 



'L{T,(3T)nF 



log /? JL(T,(3T)nF " V 16 16m J log (3 

x[ r 3 iv/iv + C9 

JL(T.3T)nF 



< 



L(T,j3T)nF (log/?) 2 

V16 16m ) 3 y, (to) (log/?) 3 



while from (ED we know that 



ib) LuJ~ 2{MahW - B + iM^y) Fib) x 



?-3 iv7 -f I 4 J.2 



x / /— i v/r 

a m+1 1 /" f _ 1 _,|2 ,2 , c n 



2-a 4 (-log*) A (fej£) (-log<5)2 
£ l(-8 + l6j(2^)3 Al(M) + 2^— 3.1 / |V/I 



l(to) 



+ 



log 5) i 



using the estimates in I. It is easy to see that the coefficients of |V/| 
cancel out (this comes as no surprise) and therefore 

/-'Ufa (<t>% < T-^TT- 

(log/?) 2 
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Note also that in a similar fashion it can be proved that 

C14 



'L P (log/?)' 

III. Finally, by ([2]) one has: 



- / r'ReifJ^ (0 3 ) ) = / f' 2 Re(f^UpW 

JL ^ {— WgOJ JL(5e,e) 



(Se,e) 

3 / .. > - ,2 



L(T,f3T)nF 



< 



[ r 3 1 v/i 4 2 + / r\L- P huw 

JL(Se,e) ("log 5) A(fe, e ) 

— ; / r 3 1 v/i 4 2 - ^ / rv^um 2 

8 lOg p JL(T,l3T)nF lQ g P JL(T,/3T)nF 

Cl5 



8(-log«J) 
3 /" 



(log/?) ^ 

By I and II it can be proved that 

Cl6 



(logp> 

This proves the claim. Q.E.D. 

Let us use this result in (11 01) . then we infer that 

Since /? (and 5 = 4) is arbitrary it follows that for e and T fixed the above 
inequality becomes equality by letting (3 — > oo. 

From ( ITTi) we are able to draw the conclusion that the following formulas 
need to hold on M: 

Ricii = — (m + 1) 

|V/| = 2y^(M)f (12) 
u a = —mo a p 
u aj3 = m5 la 5 lf 3 
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with respect to the frame 

v a = - (e 2a -i - \^-LJe 2a -i) , 
ei = r^jrVf, Je 2k -i = e 2 fc. 

Note that in view of ( |T2l) this frame is globally defined on M. 
Let us prove that indeed we have these relations on M. 
Suppose that there exists a point x £ M and a positive r] such that: 

Ricnfao) > —(m + 1) + r} . 

Let us choose e and T such that x E L (e, T) . Recall that L = L (5e, f3T) , 
for arbitrary /3 and for 8 — i. 

Then one can see that there exists ??i > such that 

- J r'Um^ ^ r ^rf L r 1 1 v/i 2 <p 3 -vi- 

It is easy to check that now (TTT1) will become 



log/3 



C 



(l0g/3): 



which gives a contradiction if we let /? — > oo. 

Next, let us focus on the Schwarz inequality (Q. Suppose by absurd that 
there exists no constant a ^ such that 

| V/| (x) = af (x) for any x E U, 

where U C L (e, T) is a fixed open set. It is clear that if 

then there exists no a E R such that g = ah on [/, which implies that 

770 := min / (g — ah) 2 > 0. 

aeR 7^ 
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This shows that 

Vo < a 2 h 2 -2a gh + g 2 , 
Ju Ju Ju 

< a 2 / h 2 -2a / gh+ g 2 \ 

J L\U JL\U JL\U 

for any a G R. As a consequence, the following inequality is true for any 
a E R : 

< a 2 J h 2 -2a J gh+ g 2 - r} J . 

It follows that 

2 

,2 \ I I 2 



Similarly, one can see that there exists an rji > such that 

2 ^ r 

2 W / 1.2 



Adding these two inequalities and using the arithmetic mean inequality we 
get that there exists rj 2 > with the property 

2 

2 / l2 



^ + ^2 < I gf l h 

L J J L J L 

We have thus proved that there exists a constant r^ 2 > depending on U but 
not on (3 (and 5) such that 

J l r 1 iwi 2 3 + r*y < U r 3 iv/i 4 3 ) Qf /0 3 ) , 

inequality that will be used instead of flH]) in the argument that followed. 
Consequently, 

/-|V/|V > 4A l( M)^ rl|V/l ^ 3 + ^ 2 



> 4Ai (M) /" 1 V/| 2 4> z + 8Ai (M) % - en ' 



L 



fog/3 
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However, using the same reasoning as for Ricci one can see that this yields 
a contradiction. 

Summing up, we have proved that there exists a constant a > such 
that |V/| = af on M. Using Lemma 1 and Lemma 2 one can see that 
a = 2y/\[ (M). 

The proofs for the remaining two formulas use the same ideas. Note that 
in (j7j) we need to have equality everywhere on M, therefore there exists a 
function /ion M such that 

u a0 — Ma/3- 

However, taking the trace and using that / is harmonic one can show that 
fi = —m. 

Finally, we pointed out that if equality holds in ([3]) then 
f a(S = for (a, (1,1), 
and on the other hand equality holds in (j4]) if and only if 

1 iVfl 2 

\fap\ = - l —^ = m(m + l)f, 
a 4/ 

Re(fu) = - 

This means that 



or in terms of u one has 



hi = m{m + 1)/, 
u a (3 = md la 5 lf3 



as claimed. 

Now we are ready to complete the proof of Theorem 4. Let us compute 
the real Hessian of 



We have: 



B := —u. 
2m 



B eiei = B n + Bu + 2SH = 1 — 1 = 0, 

B e2 e 2 — — (B u + Bu — 2Bii) = —2, 

Be 2k -ie 2 k-i = Bkk + -Bfcfc + 2B kk - = — 1, 

Be 2k e 2k = —Bkk — B^k + = — 1, 

B ek e 3 = if k ^ j, 
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for k G {2, ...,m}. Also, notice that \VB\ = 1 on M. 

Since all the computations from now on will be done in the real frame 
{ei, t2m\ with Je<ik-\ = &2k and e\ = t^jtV/, for convenience we will 
drop the e& index and use only k in the formulas for the real Hessian and the 
curvature. 

Also, let us make the convention that Roman letters i,j, k run from 1 to 
2m and Greek letters a, fl, 7 run from 3 to 2m. 

We have proved that there exists a smooth function B on M with real 
Hessian 



W) = 



/o 











. 


\ 





-2 








. 










-1 





. 













-1 . 


. 









































. -1 


/ 



and with unit gradient, \VB\ = 1 on M. 

Note that our function B satisfies the same properties as the Buseman 
function j3 in [L- Wj . Using the Hessian of (3 Li- Wang proved that the man- 
ifold has at most two ends and in the two ends case they inferred some 
information on the structure of M. We will give an outline of their argument 
below. 

Denote the level set of B by 

N t = {x e M\ B(x) =t}. 

Since |Vi?| = 1, M is diffeomorphic to M. x No and e\ = \7B is the unit 
normal to Nt for any t. If N is noncompact, then M will have one end, wich 
contradicts our assumption that M has more than one end. 

Consequently, iVo is compact, and this implies that M has two ends. For 
the remainder of this proof M has two ends, and we want to find the metric 
of N t depending on the metric of Nq. 

Knowing B^ is equivalent to knowing the second fundamental form of 
Nt, which implies that if 

Ve, = u ik e k , 

then one can find 

{0 for i 7^ j 
2 for % = j = 2 
1 for 3 < % = j < 2m. 
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Also, using the Kahler property we know that 

UikJek = JVe l = VJei = Ve 2 = u 2k e k , 

which implies 

{0 for j = 1 or j = 2 
-1 for a — 2p + 1, j = 2p + 2 
1 for a = 2p + 2, j = 2p + 1. 

It is clear that the flow <f> t : M — > M generated by ei is a geodesic flow. Since 

V ei e 2 = V ei Jei = JV ei ei = 

we can conclude that e 2 is parallel along the geodesic r defined by e±. We will 
consider the rest of the frame so that it is also parallel along this geodesic. 
The next step is to prove that 

V 2 (t) = e- 2t e 2 
V a (t) = e~'e a 

are the Jacobi fields along the geodesic r with initial conditions 

V 2 (0) = e 2 , y 2 '(0) = -2e 2 
K,(0) = e a , V^(0) = -e a . 

This is true because the information on u>n and cu a2 allows to find sufficient 
values for the curvature tensor. Using the second structural equations one 
can show that 

-R1212 = —4, R\ 2 i a = 0, 

Rlaip = — S a /3, (13) 

and this indeed shows that V k (t) are Jacobi fields for k G {2, 2m}. 

However, dipt (e^) for k > 2 are also Jacobi fields with the same initial 
conditions as V k (t) , so they must coincide. 

The conclusion is that the metrics on N t viewed as one parameter of 
metrics on N are 

dsl = e~'W 2 (0) + e- 2t {col (0) + + (0)) , 

where {u>i, ...,u 2m } is the dual frame of {ei, ...,e 2m }. Q.E.D. 
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